We show that an inhomogeneous compact extra space possesses two necessary features their existence does not contradict the observable value of the cosmological constant Λ 4 in pure f (R) theory, and the extra dimensions are stable relative to the "radion mode" of perturbations, the only mode considered. For a two-dimensional extra space, both analytical and numerical solutions for the metric are found, able to provide a zero or arbitrarily small Λ 4 . A no-go theorem has also been proved, that maximally symmetric compact extra spaces are inconsistent with 4D Minkowski space in the framework of pure f (R) gravity.
Introduction
In modern physics, the idea of extra dimensions is used for explanation of a variety of phenomena. This idea is applied for elaboration of physics beyond the Standard Model, cosmological scenarios including inflationary models and the origin of the dark component of the Universe (dark matter and energy), for explaining its baryon asymmetry, the number of fermion generations and so on. Gradually, it is becoming the main element for a future theory.
observations can be avoided. Section 6 of the present paper is devoted to the stability problem for our deformed extra space models.
Basic equations
Consider, in D-dimensional space-time with the metric g AB , a theory of gravity with higherorder derivatives and the action in the form
with an arbitrary function f of the the D-dimensional scalar curvature R = R D and the D-dimensional Planck mass m D ; g D = | det g AB |, and the indexes A, B, . . . refer to all D dimensions. In the following consideration we choose the units in which m D = 1.
The corresponding equations of motion read
where D = ∇ A ∇ A , f R ≡ df /dR. Assuming D = n + 4, we will consider metrics of the form
where the indexes µ, ν, . . . refer to the 4D part of the metric, and a, b, . . . to its extra-dimensional part; (x) and (y) mark the dependence on x µ and y a , respectively. Notice that the (µ, ν) components of the metric tensor are assumed to be independent of the extra coordinates y a . This leads to some integro-differential equations for g AB instead of the equations following directly from (2) , see a discussion after Eq. (35).
A substantial simplification of the field equations is achieved if we suppose that our metric varies slowly along the 4D coordinates of our space-time as compared to the extra coordinates y a . More specifically,
that is, each ∂ µ contains a small parameter ǫ. The general expression for the scalar curvature of space-time with the metric (3) is R = R 4 (x) + R n (x, y) + f X (x, y),
where
a are the scalar curvatures of the corresponding subspaces, and ∇ µ is the covariant derivative in the metric g µν . It follows from (4) that the 4D space is very weakly curved as compared to the extra dimensions, that is, the Ricci tensor R ν µ = O(ǫ 2 ), and, since
Under the condition (4), the Taylor expansion of f (R) in Eq. (1) gives
In the next section we show that maximally symmetric extra spaces restrict our abilities in the description of the modern stage of our Universe.
3 A maximally symmetric extra space is incompatible with 4D flat space
In this section we prove a no go theorem: in the framework of pure f (R) gravity, 4D Minkowski space-time is incompatible with compact, maximally symmetric extra spaces of nonzero curvature.
The metric of our 4D space is extremely weakly curved, i.e., almost flat, as compared with possible extra-dimensional curvatures. This theorem shows that to be in agreement with the modern state of the Universe, a compact extra space must either have zero curvature or not be maximally symmetric, if not accompanied by other fields. In this paper we consider in detail a compact inhomogeneous extra space with nonzero curvature. It is its inhomogeneity that leads to a small or zero cosmological constant without violating the theorem.
To prove the theorem, let us analyze the expression (7) with the metric (3) where
and g ab (y) describes a space of constant nonzero curvature. A few words to justify this ansatz. The characteristic size l of a compact extra space is smaller than 10 −18 cm, or the energy scale is higher than 10 TeV. Excitations of a compact extra space geometry are known to form a Kaluza-Klein tower with energies E > l −1 . The energies we deal with are many orders of magnitude smaller, therefore excitations are suppressed, and the extra space metric g ab represents a stationary configuration described by the (ab) part of the classical equations of motion and a uniform distribution in our space. Hence, if we decompose the metric g ab (x, y) as
where h (k) ab (y) is an orthonormal set of solutions to the corresponding equations of motion, there remains only the first term with k = 1, and we arrive at Eq. (8) . The latter leads to the following expressions
whereR n = 0 is a constant. The expression (7) can be rewritten as
The expression (11) represents a 4D scalar-tensor theory of gravity with the metric g µν and the scalar field β (or φ), specified in a Jordan conformal frame. We want to obtain a constant equilibrium value of β, which can be achieved after a transition to the Einstein frame in which the scalar field dynamics is separated from that of the metric. This is done using the conformal mapping [34] 
Now the action acquires the form [34] S ≃ m
where K(φ) is a kinetic term of the field φ(x), and
so that W (φ) is the potential energy density of φ. We intend to consider the physical situation in the modern epoch, such that the scalar field φ(x) corresponds to a uniform distribution of dark energy, which is almost constant. Therefore we assume that φ has been settled at an extremum of its potential.
1 Let there be an extremum of W (φ) at some φ = φ c . To get flat 4D space, we should require
This gives
Note that φ = 0 due to (10) , and sinceR n = 0, Eq. (17) gives f (φ c ) = 0, then (18) gives f R (φ c ) = ∞, which is unacceptable. This completes the proof.
A question arises: can it happen that, unlike a precisely flat 4D space-time, a weakly curved, say, de Sitter space-time can still be compatible with a homogeneous extra space? In other words, does the above theorem cover not only precisely Minkowski but also weakly curved 4D space-times?
The answer depends on how small is the deviation from the flat metric. The actually observed 4D curvature is very small: the cosmological almost dS metric has a curvature radius around 10 28 cm, enormously huge as compared to the length scale ( 10 −18 cm) of the extra space, making the curvature smaller by a factor of 10 92 . Even if one tries to obtain, by choosing the form of f (R) and other parameters, the cosmologically observed value of Λ ∼ 10 −123 m 2 Pl , where m Pl is the Planck mass, then, in any case, the calculations are performed with some finite accuracy with errors manifestly larger than 10 −123 , therefore such a choice will not be distinguishable from that leading to Λ = 0. The lesson is that it does not make sense to lose time for such attempts, and one should instead try to involve new ingredients like matter fields or deformed extra spaces.
The above theorem also holds for a direct product of any number of maximally symmetric compact extra spaces. In this case, in (3) we have
where N is the number of d i -dimensional extra factor spaces of constant curvaturesR i = 0, with x-independent metrics g (i) . Then,
The condition (16) now turns into
where φ i = φ ic is the assumed extremum of W . This gives:
with i = 1, 2, ...N. As above, it is easy to see that (26) leads to f (φ c ) = 0 and f R (φ c ) = ∞, which is unacceptable. Therefore flat 4D space cannot be obtained if the extra spaces are maximally symmetric. Another feature of interest follows from the condition (27) in the case with a nonzero extremum of W :
This equation is correct for any sign of φ i . (Note that sign φ i = signR i , the curvature sign of a factor spaces. ) Immediate consequences of the expressions (28) are:
1. At an extremum of the potential, there are simple relations between the Ricci scalars of the extra factor spaces:
2. The Ricci scalars of all extra spaces should have the same sign for W to have an extremum.
All this was obtained in the Einstein frame in four dimensions. However, at constant β i the conformal factor Y between the two frames is constant, therefore all conditions obtained for an equilibrium state of β i are valid if we work in the Jordan frame as well.
One can also note that one cannot exclude that, in addition to the extra factor spaces with nonzero curvature, there are some others, withR i = 0 (e.g., toroidal ones). Such factor spaces simply do not take part in the above relations, which thus remain unaffected.
Zero-order approximation. Analytical treatment
Let us now return to configurations with a single but deformed extra factor space in order to show that this concept can open new ways in the description of our universe evolution. In what follows we restrict ourselves to static extra space-times and impose certain boundary conditions determining the structure of extra dimensions. We also use the slow-change approximation (4) .
If the extra-space metric g ab is x µ -independent, (that is, β(x) = 0 without loss of generality), then in our 4D space-time we obtain general relativity with a cosmological constant. Indeed, a comparison of the second line in (7) with the Einstein-Hilbert action
gives the Planck mass and the cosmological constant:
both depending on the static geometry g ab (y).
General consideration
In the order of magnitude O(1) in terms of the small parameter ǫ, the curvature of 4D spacetime is negligible. Therefore, assuming for simplicity that there are only two extra dimensions, we consider the following metric with, in general, inhomogeneous curved compact extra space:
where η µν = diag(1, −1, −1, −1) is the Minkowski metric, while y and z are extra-space coordinates; the 2D metric g ab is chosen in a conformally flat form without loss of generality, but we assume that λ is a function of y only.
In the previous section we have shown that with a maximally symmetric compact extra space the Minlowski 4D geometry is impossible. This, however, does not exclude other geometries, which can, in particular, have the form of a deformed 2-sphere, but in any case the requirement Λ 4 = 0 should be satisfied. (Let us note for clarity that an ordinary 2-sphere of radius r 0 is described in (32) 
Let us try to find such solutions. The y dependence of the 2D metric to be found means that it is in general not maximally symmetric but is deformed in some way. In the present approximation, nonzero are only the diagonal Ricci tensor components R a b . The 6-dimensional Ricci tensor and scalar are expressed in terms of λ(y) as (the prime means d/dy)
The a b components of (2) read
The trace of (34) gives
The mixed µ a components of (2) are trivial. As to the µ ν components, there is a subtle point: instead of directly writing these components of (2), it makes sense to return to the variation procedure taking into account the independence of g µν of y a . Then, instead of the ( ν µ ) components of (2), variation of the action in g µν leads to
if we assume the Minkowski 4D metric. Taking into account (35), this can be transformed to
where (recall) R = R a a . Thus in this approximation we must solve (34) and apply the integral condition (37) to the solutions obtained.
More than that, the condition Λ 4 = 0 with Eq. (31) together with (37) imply that, separately,
There are two noncoinciding equations in (34), and their difference reads
Writing this difference in its explicit form and integrating, we have
and a further substitution into the trace equation (35) gives a second-order equation with respect to λ(y):
We had two components of Eqs. (34), or, equivalently, their sum (35) and difference (39), which are of fourth order with respect to λ(y). Since there is only one unknown function λ(y), these equations must not be independent, otherwise the system will be overdetermined. Let us show that both (35) and (39) follow from the single second-order equation (41).
First, applying d/dy to (41) and expressing λ ′′ in terms of R using (33), we obtain A 0 Re 2λ = R(f R ) ′ , whence, for R = 0, it follows precisely the equality (40), from which (39) is trivially obtained.
Second, an explicit form of (35) is e −2λ (f R ) ′′ = f − Rf R . The l.h.s. of this equality can be rewritten by substituting (f R )
′′ from (39) (already proven) and further (f R ) ′ from (40), giving 2A 0 λ ′ . For the r.h.s. of (35) the same expression follows directly from (41). This completes the proof. Thus a solution of (41) is automatically a solution of the whole set of vacuum field equations.
After solving Eq. (41), it is necessary to substitute the solution to the integral condition (37), which, using (41), can be rewritten as
since g 2 [y] = e 2λ , and there is no z dependence. Thus the extra space geometry to be discussed below must satisfy the condition (37) or (42). Furthermore, since we are seeking a solution with flat 4D space-time, the condition Λ 4 = 0 must be obtained for it automatically.
The order of Eq. (41) may be further lowered. Since its left-hand side is a function of R, say, Q(R), assuming that it is monotonic, we can consider its inverse, R = R(Q), and then Eq. (41) may be rewritten as (since
Next, let us use a standard trick and consider the new variable v(λ) = λ ′ (y), hence λ ′′ = v dv/dλ, and therefore,
an equation integrable by quadratures for an arbitrary (up to monotonicity of Q(R)) function f (R).
Two exceptional cases
There are two exceptions: λ ′ = const and A 0 = 0 which must be considered separately. First, λ ′ = const leads to R y y = R z z = R = 0, see (33) , that is, flat 2-space (being conformally flat, its Riemann tensor is completely determined by the Ricci tensor components), and we return to the flat toroidal version of extra dimensions discussed above.
Second, A 0 = 0 leads to f (R) = Rf R . The case R = f R = 0 is obviously unacceptable (by (31) , it gives m 4 = 0). Next, R = R 0 = const = 0 means that the constants f (R 0 ) and f R (R 0 ) are either both zero or both nonzero. In any of these cases, according to (31) , it is impossible to obtain simultaneously m 4 > 0 and Λ 4 = 0.
It remains to suppose R = const, then the equation f (R) = Rf R leads to f (R) = const · R (which is 6D general relativity). The field equations (34) 
Quadratic gravity
Let us return to the general case A 0 = 0, λ ′ = const, and choose the function f (R) in the form
then from Eq. (41) one can get
Substituting, as was suggested, λ ′ = v(λ), we obtain the relation
Its integration results in
where c 1 is an integration constant. With the notation χ := 2A 0 λ/c, this equation can be rewritten as
. Equation (50) can be presented in the form
Introducing the parameter p = χ ′ , we can write the solution in a parametric form:
This solution is rather cumbersome and inconvenient for analysis. Therefore, in what follows we will find solutions for λ(y) numerically.
Numerical results
In this section, we will develop a numerical approach to make the results more convincing and evident. The metric (32) is convenient for the above analytic calculations, but now, to facilitate numerical simulations, we transform the extra-space metric to spherical-like coordinates:
where θ and φ are related to y an z by
The scalar curvature is expressed in terms of µ(θ) as
where µ θ = dµ/dθ and µ θθ = d 2 µ/dθ 2 . The special case µ = const corresponds to a 2D sphere with R = const = 2 e −2µ . It has been already discussed in Section 3 with a conclusion that it is incompatible with m 4 > 0 and Λ 4 = 0.
We therefore assume R = const and return to Eq. (40) which now reads
Under the assumption (45), it becomes (since dθ/dy = sin θ)
it is a third-order linear equation with respect to µ(θ). To solve it, we need three boundary conditions, which we impose at θ = 0: µ(0) = 0, µ θ (0) and R(0). The constant R(0) is connected with the previously introduced integration constant A 0 . Indeed, from (41) it follows
which, taken at θ = 0, gives the relation
Equation (58) is a nonlinear second-order differential equation with respect to µ, and Eq. (57), being linear, is more convenient for numerical integration.
The solution must satisfy the integral condition (37), which can be rewritten in the form
This condition follows from (36), where the second term is total derivative, so that
The second equality holds if the Ricci scalar behavior is not too pathological. It means that the conditions (31) and (36) coincide provided Λ 4 = 0. We have verified this statement numerically. We have solved Eq. (57) numerically with (55) under some boundary conditions for µ(θ) and R(θ) (see Fig. 1 ). By varying these initial parameters one can obtain a very small or even zero Λ 4 and thus make it possible to have a flat 4D space-time (see Fig. 2 ). In this case, the integral condition (60) is satisfied. As a result, we have proved that a compact extra space with a deformed metric is compatible with 4D Minkowski space. In the next section we consider the next approximation in ǫ. .
First-order approximation. Stability of the deformed extra space
Let us study the stability of the solution obtained above under small x-dependent perturbations. We suppose that the 4D metric is flat, as before (since its perturbations should be of the order O(ǫ 2 )), and consider the perturbed extra-space metric in the form
Then, after integrating out the extra dimensions in the action, β(x) behaves as a scalar field in 4D Minkowski space-time [34] . In the previous sections β = 0. The field β can in general have complicated kinetic and potential terms. If the potential has a minimum, and β settles at this minimum, then such a background configuration with its extra-space geometry is stable.
Consider the case β(x) ≪ 1 with the extra metric obtained in (3) and (53). A back reaction of β on the extra metric is neglected. As before,
In general, the action contains three parameters b, c and m D . For the 2D extra metric me have the expressions for the determinant and the Ricci scalar:
The 6D Ricci scalar has the form
where ✷β and (∂β) 2 are the 4D d'Alembertian and squared gradient of β(x). Using the expansion (7) for the action S with R given by (65) and R 2 given by (64), integrating out the extra dimensions and excluding a total divergence related to ✷β, we obtain
where h β ≡ dh/dβ, the function h(β) and the potential W (β) having the form
and I k are the integrals
We have restored the 6D Planck mass m 6 , which was equal to unity in the previous sections.
The parameters I k depend on the metric g ab (y). The latter is assumed to be one of the solutions to the field equations discussed in the previous section. The action (66) is the vacuum action of a 4D scalar-tensor theory of gravity written in its Jordan frame. The conformal mapping
transforms it to the Einstein frame. The result is
where the tilde denotes quantities obtained from or withg µν , and
More explicitly,
Evidently, β = 0 should correspond to our "background" solution from the previous section, with 4D Minkowski space and an inhomogeneous 2D extra space geometry. For this solution to be in stable equilibrium under the emergence of the 4D scalar β(x), we should have
provided that K(0) > 0. Let us make sure that this is really the case for the parameter values used in Figs. 1 and 2 , that is, b = −10 −2 and c = 2.1 · 10 −5 .
To this end, it is useful to recall that for solutions with flat 4D space (that is, for β = 0), as follows from Eq. (38), we have
Then, for the potential at small β we have
which evidently satisfies the conditions (74) if c sign h > 0 since I 0 > 0. This is a general result in quadratic 6D f (R) gravity (45) for any model from the class under consideration.
Next, for the function h(β) and the kinetic term at β = 0 we have due to (75)
Substituting the values b = −10 −2 and c = 2.1 · 10 −5 , we obtain
Thus we have h(0) < 0 (which is unimportant) and K > 0, so that, according to (76), our model is stable under slow x-dependent changes in the extra-space metric.
The parameter values were selected so that the final expression for the action (71) contains proper signs of the kinetic term K and the potential V , as follows from Figure 3 . The common sign of the total action does not affect both the classical behavior and quantum transitions, see a discussion in [34] . Indeed, the transition amplitude is expressed in the path integral technique as exp (iS[q])Dq where q(t) is some dynamic variable. The transition probability exp (iS[q 1 ] − iS[q 2 ])Dq 1 Dq 2 is invariant under the substitution i → −i (with interchanging the integration variables q 1 and q 2 ).
Specifying the boundary values R(0) and µ(0) (equivalently, r(0)) and calculating the parameter A 0 using (59), we can solve Eqs. (58) and (59) with a given function f (R), in particular, (45) with its parameters b and c. The potential U(β) for a certain range of β, the same parameter values and different boundary values R(0) is presented in Fig. 3 . One can see that the behavior of U(β) confirms the existence of a minimum with U = 0 at β = 0 for R(0) ≈ 1.0025, which corresponds to our model obtained in Section 4, with Λ 4 = 0 and flat 4D space.
Returning to the action (66) with β = 0, we can identify the constant coefficient of R 4 with m 
where the integral I 0 = 8 · 10 3 /m 2 6 according to the numerical simulations. As a result, the D-dimensional Planck mass is only a few times smaller than the 4D one.
Conclusion
We have shown that an inhomogeneous (deformed) compact extra space may be considered as a promising tool for physics beyond the Standard Model. Such spaces satisfy the necessary conditions: (i) the deformed extra space does not contradict the observable value of the cosmological constant, (ii) the extra dimensions are stable at least relative to the "radion mode". The latter represents a scalar field in 4D space. To be considered as the inflaton, this mode should have a mass of order 10 13 GeV, which needs fine tuning since natural values of this mass are sub-Planckian.
We have also proved that maximally symmetric extra spaces prevent the existence of solutions with 4D Minkowski space or de Sitter space with a cosmological constant compatible with observations.
The analysis was performed on the basis of pure gravity without invoking any additional ingredients. This lays a foundation for further research based on inhomogeneous extra spaces.
